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SYMMETRY-BREAKING BIFURCATION OF
ANALYTIC SOLUTIONS TO FREE BOUNDARY PROBLEMS:
AN APPLICATION TO A MODEL OF TUMOR GROWTH

AVNER FRIEDMAN AND FERNANDO REITICH

ABSTRACT. In this paper we develop a general technique for establishing an-
alyticity of solutions of partial differential equations which depend on a pa-
rameter €. The technique is worked out primarily for a free boundary problem
describing a model of a stationary tumor. We prove the existence of infin-
itely many branches of symmetry-breaking solutions which bifurcate from any
given radially symmetric steady state; these asymmetric solutions are analytic
jointly in the spatial variables and in e.

1. THE MODEL AND MAIN RESULT

In this paper we present a general technique for establishing analyticity of so-
lutions of systems of partial differential equations which depend analytically on a
parameter €. The method works not only for boundary value problems but also
for free boundary problems. In this latter context it can be used to establish long
time existence of transient solutions, and also to study the existence of spatially
asymmetric steady solutions. Since free boundary problems are typically more chal-
lenging than their boundary-value counterparts, we shall concentrate here on a free
boundary problem from developmental biology, namely, a model of tumor growth.
To further exemplify the generality of our approach an instance of a boundary value
problem (in a fixed domain) is presented in the last section of the paper. A variety
of other problems are amenable to the same analysis, including, in particular, the
Hele-Shaw model of fluid flow [11].

Within the last several decades a number of mathematical models have been
developed that aimed at describing the evolution of carcinomas (see. e.g., [, 5, [6]
8l 12 13] and the references cited there). The main objective of these models has
been to qualitatively describe, under various simplifying assumptions, the growth
and stability of tumor tissue. Analysis and simulations of such models are helping
to assess the relative importance of various mechanisms affecting tumor growth as
well as the efficacy of certain cancer treatments. On the other hand, the description
of the stationary (dormant) configurations that arise from the models has only
been addressed in the case of spherical tumors, but otherwise it remains largely
unexplored. In this paper we develop a method for establishing analyticity of
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solutions of PDEs which depend on a parameter € which we use, in this context,
to establish the existence of non-spherical families of dormant states for a model
of non-necrotic vascularized tumors. For the sake of clarity we shall perform the
analysis on two-dimensional geometries, where we demonstrate the existence of
infinitely many branches of non-radially symmetric states that bifurcate from any
given radial equilibrium; the solutions are analytic jointly in the spatial variables
and in €.

The model we shall study is a natural extension of that proposed in [7] and
further analyzed in [I0]. We consider the tumor occupying a region 2, and denote
a nutrient concentration by ¢ and the internal pressure that causes the motion
of cellular material by p. The cell proliferation rate is assumed to have the form
(o —0o) where p and ¢ are positive constants. Then, after non-dimensionalization,
o and p are assumed to satisfy the diffusion equations

(1.1) Ao —o=0 in
(1.2) Ap=—pu(lc—7o) in .

These equations are supplemented with the boundary conditions

(1.3) o=0 on 09,
Ip

(1.4) %_0 on 09,

(1.5) p=7Kk on 00

where 9/0n denotes the normal derivative, k is the curvature at 9S), and 7, are
positive constants.

The simplest solutions to the (free-boundary) problem (1.1)—(1.5) are the radially
symmetric ones, whereby

(1.6) o=o0(r), p=po(r), Q={r < Ro}.

As we show in §3,if 0 < 7 < %5, then there exists a unique radial solution, with Ry
depending only on /7. A natural question with obvious implications in the study
of transient solutions, is whether the model admits non-radial steady states. In our
search for such configurations we shall further specialize to the question of whether
there exists a bifurcation branch (o, pe, 2c,7:) of solutions with

r=Ro+efi(0)+e*fa(0) +--- = Ro+ f(0,¢),

(1.7) o.(r,0) = oo(r) + o1(r,0) + 202 (1,0) + - - -,

pe(r,0) = po(r) +ep1(r,0) + 2pa(r, 0) + -+,
Ye=0+en+ety+---

which bifurcates from a radial solution (1.6) for some value v = 7p.

We shall prove that indeed such a branch exists and that the above series are
convergent and form analytic solutions in (7,6, ¢), or more precisely in (z,y, ), for
(z,y) in a neighborhood of {r < Ry} and |¢| small. For this we may fix f1(f) =
cos(£0), for some ¢ > 2, and then 7y, the bifurcation point, is determined uniquely
by u, @, o and ¢; we shall actually prefer to consider g as a function of Ry, since we
view the solutions (1.7) as a non-radial branch bifurcating from the radial solution
with radius Ry.
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Let us explain the relation between this paper and general bifurcation theory.
In the abstract setting of bifurcation theory one considers the problem

(1.8) F(A\u)=0
where u varies in a Banach space X and A varies in R. Assume for simplicity that
F(X\0)=0for all A e R.

A bifurcation point (A, 0) is a point for which there exists a one- or multiple-
parameter branch of nontrivial solutions

A= Ae), u=ule)

of (1.8) with A(0) = A, u(0) = 0. The Liapounov-Schmidt procedure reduces the
construction of a bifurcation branch from the infinite dimensional Banach space X
to a finite dimensional space:

Suppose F(\,u) maps v € X into a Banach space Y such that X C Y, and F is
smooth. Set
_ OF(X.,0)
B Ju
and assume that Lg is a Fredholm operator with index zero. Denote its null space
by N (we assume that n = dimN < oo) and its range by Rg. Let P be the
projection of Y into A, so that Q = I — P is the projection of Y into Rg. If we
decompose v into Pu+ Qu and project (1.8) into A and Rg, we get the equations

(1.9) KA v,9)=QFAv+v)=0,
(1.10) PF(\v+1)=0

Lo

where v = Pu and ¥ = Qu. This set of equations is equivalent to the single equation
(1.8). Noting that K (A 0,0) =0 and 0K (A.,0,0)/9¢ = QLg is an isomorphism
from QX to QY, we can apply the implicit function theorem to (1.9) and thus solve
for ¢ = (A, v). We then substitute ¢ into (1.10) and get the Liapounov-Schmidt
bifurcation equation

(1.11) PF(\v+¢(A\v)) =0,

which is a system of n equations; for more details see, for instance, [I4], [15].

The above scheme cannot be applied to the problem (1.1)—(1.5) since the spaces
X,Y will vary in € in a way which is unknown in advance (as it will depend on the
free boundary). But even if we transform the problem to one in a fixed domain, as
we shall do later on in this paper, we still cannot simply apply the above scheme,
since there are no implicit function theorems that can be used to solve the resulting
equation (1.9) for our problem. Thus, in a sense, our work establishes a new implicit
function theorem in a space of analytic functions. The null set A is our case will
consist of the linear space generated by cos(¢6), and the orthogonality of Pu to Qu
is realized by the condition

2
(1.12) fj(0) cos £6df =0 for all j > 2.
0

Mode 1 solutions (containing multiples of cos(f) in their Fourier series represen-
tations) trivially arise from infinitesimal translations of the disc r = Rp; we shall
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exclude them by imposing the conditions

2m 2T
(1.13) / o;(r,8)cos 0do = / p;(r,8)cos 6d6 = 0,
0 0

2m
fj(6) cos 8d0 = 0 for all j > 1.
0

We shall prove that there exists, for each £ > 2, a unique bifurcation branch of
solutions (1.7) satisfying the orthogonality conditions (1.12), (1.13) and the addi-
tional condition that

(1.14) £i(8),0;(r,0),pj(r,8) are even functions in 6.

The solutions are jointly analytic in the spatial variables and in €. As we will show
(see Remark 5.1) the orthogonality condition (1.12) implies that

(1.15) Yon+1 = 0 for all integers n > 0;

the other coefficients o, (n > 1) are uniquely determined by consistency conditions
that need to be satisfied by the coefficients of cos £ in the £2"*! approximation.

The techniques developed in this paper depend, in part, on expanding solutions
of (1.1) in a circle in terms of the modified Bessel functions I,,(r). In §2 we introduce
these Bessel functions, recall some known facts and prove new relations that will be
needed in this paper. In §3 we compute the radial solution of (1.1)—(1.5). In §4 we
consider the linearization of (1.1)—(1.5) about the radial solution (1.6) and prove
that it has a nontrivial solution if and only if v = = is a solution of a bifurcation
equation (to be introduced later on).

In §5 we establish a formal expansion (1.7), deriving for each power " a system
of equations for the coefficients o,,, pp, fn,¥n—1. The system has a unique solution
subject to the orthogonality conditions (1.12), (1.13). The system is obtained by
expressing the solution of the differential equations in terms of Bessel functions,
and then expanding the boundary conditions, for the solution, in Taylor’s series
about r = Ry. Although this approach seems very natural, we were surprised to
discover that it does not lead to a convergence proof by the standard majorization
method. Indeed, in §6 we explain why a convergence proof must exploit some
“hidden” cancellations in the recursive relations that determine o, pn, fr, Yn—1-
We also outline in §6 another less direct and somewhat more complicated approach
for deriving formal expansions. It is this approach that we shall pursue for the rest
of the paper, and we briefly describe it below.

In §7 we transform the free boundary problem into a problem in the disc {r’ < 1}
by a change of variables

o r
B R0+f(9,€)

r/

and set

(1.16) Ge(r,0) = o-(r(Ro + f(0,¢)),0), pe(r,9) = pe(r(Ro+ f(0,¢)),8).
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Then o., p. satisfy elliptic equations with coefficients that depend on f, fg, feg. As
in §5 we derive in §8 a formal expression

(/T\E(’I“, 9) = (/7\0(7“) + 5/0'\1(7“, 9) + 62/0'\2(7“, 9) +-
(117) D= (Ta 9) = ﬁO(T) +ep1 (7“, 9) + 52ﬁ2(r7 9) e,
f(@,&) = 5fl(9) + 52f2(9) +o
Y=g +en Fetne
However, from the recursive formulas for this expansion we are, in fact, able to
deduce estimates that establish the convergence of the series to an analytic solution
for (z,y) in a neighborhood of {r <1} and |¢| small; this is done in §§9-11. In §11
we also show that o., p. defined in terms of o¢,p., by (1.16) together with f(6,¢)
and v = y(¢) form a non-radial analytic solution of (1.1)—(1.5) jointly in the spatial
variables and in ¢ for X = (z,y) in |X| < Ry + do, |¢| < € and the expansion (1.7)
is convergent for 0 < r < Ry +do, |e| < &0, where dg, g are small positive constants.

Finally, in §12, we give an example of a (fixed-)boundary value problem for which
our method proves joint analyticity in (x,y, €).

2. BESSEL FUNCTIONS

In the sequel we shall use the modified Bessel functions I, (r) for m > 0 and
r > 0. Recall that I,,,(r) satisfies the differential equation

m2
(2.1) 1)+ 1) = (14 55 ) Inr) =0

and is given by

= (rf2m

(22) ) = 2 k1)
Furthermore,
(2.3) I (r) + %Im(r) = Lpa(r), m>1,
(2.4) Iy (r) = L (r) = L ()
so that
(2.5) I () = Ina () = 22 (), m> 1,
and
d
m—+1 _ m—+1

(2.6) P L () = - (7 L (7)),

1 \1/2 | 4m? —1 1 .
(2.7) I, (r) = (%) e {1—T+O(r—2)} if r— oo,

T(m +n+ 2k + 1)(r/2)mtnt2k
m+k+1D)In+k+1)I(m+n+k+1)

(2.8) I (r) L (r) = Z T
k=0
In particular,

Iy(r) = Li(r), rly(r) = dir<ﬂl (r))
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Lemma 2.1. The following inequalities hold:

(2.9) L1 (P Ipyr (1) < I (7) if >0,

(2.10) L 1 (M) Ipy1 () > I (r) — %Im(r)lmﬂ(r) if r>0.
Proof. Using (2.8) we obtain

Im—l( )Im-i-l( )_ I?n(r)
Z (r/2)2m+2k T (2m + 2k + 1) 1
E'T@2m+k+1) D(m+k)T(m+k+2)

1
C T(m+k+1)2

(r/2)?m+2k T'(2m + 2k + 2)
<k T (m4+k+1)T(m+k+2)L2m+k+2)

2
;Im m+1

To prove (2.9) it suffices to show that

1 1

if >1
T+ T(m+k12) ~Tmiks1e L k=

or
1 1

< )

m+k+1 m+k

which is obvious.
To prove (2.10) it suffices to show that

1 1
T(m+k)D(m+k+2) (D(m+k+1))>2
2m+2k+1)
TTm+k+D)T(m+k+2)2m+k+1)
if K > 1 (equality holds if &k = 0), or
1
m+k)T(m+k+1)(m+Ek+1)
(2m + 2k +1) 1

+

Ttk Dim k) m b+ Dmt B@m+k+1) ~ Timt kt 12
But this reduces to

1 (2m + 2k + 1) 1
Mt htl mikiDmI)Cmtkr D) mik’

or
m+k 2m+2k+1)

1
miktl  mikrDEmikED

)

that is,
2m+ 2k +1 - 1
m+Ek+1)2m+Ek+1) " m+k+1

which is obviously true.
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Corollary 2.2. If{ > 2, then

I (r) Lo (r)
Indeed, by (2.9),
Ipia(r) Iy(r) I3(r) Ia(r)  Li(r)
L) T S S he) ST S L)

Lemma 2.3. For any r > 0, the function

_ L(r) = Li(r) I (1) /I (r)
(2.12) ) = = i + 1)
satisfies

, m > 1,

fm+1) < f(m).
Proof. Since
Il — I Iy
(m—1)m(m+1)

flm) = -

we need to show that
Il — Iy DLdpy — Il
< ;
Imt1(m +2) I,(m—1)

or
(m = V) Ln(I2lpy1 — ilmy2) < (M4 2) g1 (I — TiLpy1)-
This can be written in the form
(m — VInIiLnyo > (m— V)12 I — 3Lyt (In Ly — 1 Lnt1)
or
3Lms1 (Il — I lpg1) > Ii(m — 1) (12 — I Lm2).
Since, by (2.10),

2
2
Im+1 - ImIerQ < ; m+1Im+2;

it suffices to show that

(2.13) 81 (Ioly — L Ipnyr) > Ir (m — 1)% i Imso.
From (2.8)
Il — I Iyia
= (r/2)m Atk (m 4 2 + 2k)!
i (m+k)! (2+k)! (m+2+k)!
(2.14) B (m + 2 + 2k)!
(m+14+k)! (1+k)! (m+2+k)!
_ i (r/2)m 242k (m + 2 + 2k)! 1 (m— 1)
k! (m+2+k)! 2+Ek)! (m+1+k)
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and

2 > (r/2)mt2+2k m+ 3+ 2k)!
Z(/) ( )

- I = .
D ! (m+2+k)! (1+k)! (m+3+k)

Therefore (2.13) will follow provided we have
3(m+2+2k)! (m—1) S (m—1)(m+ 3+ 2k)!
m+24+k) 24+ (m+1+k)! " m+2+k)! 14+k)! (m+3+k)!
for all £ > 0, that is, provided
(2.15) 3m+Ek+3)(m+k+2)>(m+3+2k)(2+k) Vk>0.
But since
(m+3+2)2+k)=m+3+k)(2+Ek)+k(2+E)
<(m+3+k)(m+k+2)+(m+3+k)(m+2+k)

=2(m+k+3)(m+k +2),
(2.15) is indeed valid. O
Lemma 2.4. The function
Ir(r Iii(r
(2.16) Cu(r) =7 <ITET§ - IJE??) (m > 2)
satisfies
(2.17) Gl .(r)>0 for all r> 0.

Proof. Using (2.4) we can write

I{ I;n
—r[ 2 -2 )+m-1
G (1) r(h i m

so that we need to show that the function

LI,
(2.18) Fou(r) = T<I_1 _ E)
satisfies
(2.19) Fl.(r)>0  foral r>0.
Introducing the functions
I/
U (1) = 1Dy (1) where Dy, (r)=-",
L,
(2.19) becomes
d
(2.20) o (Ui(r) = Up(r)) >0 forall r>0.
By (2.1)
1 m?
2 —
D;,L+Dm+;Dm71+r—2
so that

(2.21) rU!, 4 U2 = r* 4+ m?



SYMMETRY-BREAKING BIFURCATION OF ANALYTIC SOLUTIONS 1595

and, by differentiation,
(2.22) rU), + Uy, +2U,,U;, = 2r.

Using (2.2) we easily compute that
2

(2.23) Un(r)=m+ WD) +0(r?) as r— 0.
In order to prove (2.20) we first need to prove that

(2.24) Ul.(r)y>0  forall r>0

and

(2.25) Ui(r) = Un(r) <0 for all = > 0.

Note that these inequalities are true if r is near 0, by (2.23). Suppose first that
(2.24) is not valid for all » > 0. Then there is a smallest r = 7 such that

U, (7) =0

and then, of course, also U} (7) < 0. Substituting these relations into (2.22), we
get a contradiction. B
Similarly, if (2.25) does not hold for all 7 > 0, then there is a smallest r =7 such

that
Ul(?)—Um(?):o;

then also (Uy — Um)'( r ) > 0. Substituting these relations into (2.21), we again

get a contradiction.

We shall now prove (2.20) by the same method. The inequality clearly holds for
r small, by (2.23). Hence if (2.20) is not true, then there is a smallest r = r¢ for
which

(2.26) Ui(ro) = Up,(r0) = 0,
and then also Uy (r9) — U/l (ro) < 0. Substituting these relations into (2.22) we get
UnU., <ULU; at r=rp
or, since U (ro) = U], (r9) > 0 by (2.24),
Unm(ro) < U(ro),
which is a contradiction to (2.25).

Lemma 2.5. Let

Gim(r) = riz /0 [0 (8) () — 2500(5) ()] ds,

Gom() = — (mr_ 2, ()L ().

Then
(2.27) 91m (1) + g2m(r) + [L2(r) L (r) = L (r) ;41 (1)] = 0

for any m > 1.
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Proof. Using (2.8) we get

m+2k‘ (r/Z)erQk 1

9m(r) Zk'm+k N+ D! (m 4k +1)! (m + 2+ 2k)2
x [m2(m 42k +1) —d(k + 1) (m+k+1)],

G2 (1) o~ (m o+ 14+ 28)1(r/2)™ 2 (m - 2)

SR m A Rk D m -k + 1)12
Hence

(r/2)m+2k (m + 2k)!
gim(r) + gam (r Zk;'erk Nk +1D)!(m+k+1)! (m+2+2k)2[m]

where
[-] = m*(m+2k+1)—4k+1)(m+k+1)
—(m —2)(m+ 14 2k)(m + 2 + 2k)
= =2k(m—1)(m+2k+2).
We conclude, after Changing k into k + 1, that
(r/2)m*T2+2 (4 2k + 2)1(k + 1) (m — 1)
k+D)!(m+k+1)! (k+2)(m+k+2)!

glm( )+g2m
k=0

from which (2.27) follows by using (2.14). O

Corollary 2.6. For any positive integers m,€,m # £,

228) )+ ) + i D (RO~ B ()] 20

forallr >0 .

Proof. By Lemma 2.5 the left-hand side of (2.28) is equal to

m(m? — 1)1,

— (Iodyy — I Iy1) + (IoIy — I1Ip41)

o =11,
Iy — L1y /1 Iy — LI /1
_ 2 NI _ 2 14im+4+1/4m —+
m(m” —1) ’”’{ m(m? — 1) oz —1)
which is # 0 by Lemma 2.3. O

3. THE RADIAL SOLUTION

The radial stationary solution to (1.2), (1.3), (1.4) is given by

(3.1) oo(r) = & i’((;)) . r<R,
(3.2) po(r) = —poo(r )+A+—ar , r<R

4
(since A(po + pnop) must be equal to ud), where A is a constant determined by
(1.5):
1

_ KO 5o
— A+ —R*  =~v—=
no+ A+ 1 'yR
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and R is determined by the condition (1.4) or, equivalently, by

Ipo .
/,:R on =0

0= [ Sm=-n[ (-0
r<R r<R

This can be written more explicitly as

ie.,

2o R
Io(r)rdr = 6w R2.
o Jy o)
Since
R R d
/ Lo(ryrdr = / Lndr (o (26)
0 o ar
= RL(R),
we get
2wo
RI(R) = 6nR*.
To®) 1(R)= or
Setting
G
we conclude that the radius R is determined by
L(R)
3.4 = AR.
(34) Io(R)

Theorem 3.1. If0 < A < %, then there exists a unique solution R = Ry to (3.4).
Proof. By (2.5)

S 0(R) = 3 (I(R) ~ I(R))

so that (3.4) is equivalent to

(3-4) nm) = 32w,

or
I(R)
3.5 =1-2A 0<1-2A<1).
Consider the function
I (R)
R) = .

By (2.2) and (2.7),
f(R)—0 if R—0,
f(R)—1 if R—oo.
Therefore it suffices to show that f(R) is strictly monotone increasing. But

1 1 2
f/ = F(Ié[o — I(/)IQ) = F[ (Il - EIQ> IO - IlIQ:|
0 0
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so that
2
B = (In- L) - = lo
2, 2
—Il——I2I0>0 by (29) O

R R
From now on we shall always assume that

N
(3.6) 0<o< 50
so that there exists a unique radial solution to (1.1)—(1.5).

Remark 3.1. Our model can be extended to transient situations by setting [10]

0o .

o = Ao —o in Q(t),
Ap = —plo—5) in Q(1),
op .

o n in 08(t)

with (1.3), (1.5) on 9€(¢); here V;, denotes the velocity of the free boundary 9€(t).
This problem was considered in [10] for 3-dimensional domains (¢) and solutions
which are radially symmetric, i.e, ¢ = o(r,0),p = p(r,0),Qt) = {r < R(¢t)}.
It was proved that if 0 < A < %, then there exists a unique stationary radial
solution (o¢(r), po(r), Ro), and it is globally asymptotically stable with respect to
the radial solutions of the time-dependent problem, provided c is sufficiently small;
furthermore, |R(t) — Ro| < Be™% for all t > 0 where B, J are positive constants.
The same result (with similar proof) is valid for the present 2-dimensional problem.

For future reference we compute

- 80’0 - Il(Ro)
(3.7) a=—>"2(R) =0 o)
and
2
(3.8) 5=~ (o) = (e~ 8) = (1 —24)
or, by (3.5),
(3.9) B= Wﬁggzi .

4. THE LINEARIZED PROBLEM

In this section we determine the branching points. As explained in the Intro-
duction it will be convenient to consider the parameters , 7, u as fixed, and v as
variable. We shall denote the radius R of a stationary solution by Ry, and deter-
mine the parameter v = o for which the linearized problem (about the stationary
solution) has a nontrivial solution.

The radial solution is then

(0(r). po(r), Ro)

and we take a perturbation of the free boundary of the form
(4.1) r=Rop+efi (9)
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where f1(0) is of mode ¢,¢ > 2, namely,
f1(0) = Ny cos £6 + Ny sin £0

where N7, No are constants. By rotating the coordinate system we may assume,
without loss of generality, that No = 0. Further, by rescaling €, we can choose
N1 =1 so that

(4.2) f1(0) = cos 40 | >2.

Correspondingly, we take
o(r,0) = oo(r) +eo1(r)f1(0) ,

pmm—%:mm+wmww>

where the constant /Ry arises from (1.5). We easily find that

(4.3)

(44) A(O'lfl)—(flfl:o if7“<RQ s
(4.5) A(pifi) = —p(o1f1) ifr < Ro,
(46) Ul(Ro) +a=0 y
op N

(4.7) W(RO) -B8=0
where «a, § are defined in (3.7)-(3.9), and
(4.8) pi(Ro) — 25 (12 —1) =0.

Rj

The last formula is obtained by using the general formula for the curvature of a
curve r = g(),
2g/2_gg//+92
(49) wlg) = 29T LT )
l9° + (9')?]

which gives, to first order in ¢

€ 1 €
K/(RQ + €f1) =

S ==+ 22—
RO R(Q)(1+f1) R0+R(2)( )fl

Using this in (1.5), we easily derive the relation (4.8).
Solving for o from (4.4), (4.6), we get

Iy(r)
4.10 o1(r) = -« .
Further, since the function
M= por+p1

satisfies

" ]' ! 82
M + - M - —2 M == 0 ;
r r

and thus is equal to Brf, B constant, we have

(4.11) pi(r) = Brl + pa Ijigg) .

The constant B is determined by (4.8),

(4.12) BRY = —pa+ (2 — 1),
RO
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and, finally, (4.7) becomes

B = (BRS'+pa

Using (2.4) we get

Ir41(Ro)

0 2
1) L 1) + pa T.(Ro)

R
which, by (3.7), (3.9), is equivalent to

Io(Ro) 11 (Ro) Le41(Ro)
— 3 Yo
uo B3 Ii(Ro)

This is the bifurcation equation or the eigenvalue equation which determines g as
a function of Ry (and u,d,); we refer to 4o as the branching point.

(4.13) I(Ro) = £(¢* = 1)

Theorem 4.1. For any Ry > 0 there exists a unique solution vy of (4.13).

Proof. By Corollary 2.2

I (Ro) Ie+1(Ro)
I,(Ro)

where ¢ is a positive number. Hence the unique solution of (4.13) is given by

Io(Ro)
=q. O
,LL5R8 Y0 q

I (Ry) =

002 —1)

Remark 4.1. For £ = 1, (4.13) holds identically for all vy, Ry. The reason is that
any e-translation of the radial solution represents an e-perturbation of mode ¢ =1
when viewed from the original system of coordinates. More precisely, the radial
solution (with radius Rg) with respect to the center z7y = €, 22 = 0, when written
in polar coordinates centered at 1 = 0,9 = 0, has the form

r = f(0,e) = Ry +cRgcosf + O(£?) .
Later on we shall construct bifurcation branches with free boundary

r = Ro+ecosll + ZE”)\n(H) ,

n>2

uniquely determined by the orthogonality conditions fOQW An(0) cos £6df = 0. For
¢ > 2 such a curve is not radially symmetric if |¢| is small enough. However, for
¢ =1 this curve may correspond to the curve obtained above by e-translation of
a radial solution. Since we are interested in symmetry-breaking bifurcations, we
restrict ourselves to £ > 2.

From (3.3), (3.4) we have

o |
=
S

7
2

o=
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so that the eigenvalue equation (4.13) can be written in the form

=N

(4.14) H(Ro) = Ry ﬁgﬁi B IZIZJE%]:;)

where

1
N=—20(%-1)y .
no

By Lemma 2.4, H(Ry) is strictly increasing in Ry, and in fact H'(Ry) > 0, so that
for each ~yg there is a unique Ry satisfying (4.13). From (2.2) we easily deduce that
H(Rp) — 0 if Ry — 0, and from (2.7) we deduce that H(Ry) — oo if Ry — oo.
Hence we have

Theorem 4.2. The function v9 = y(Ro) determined by the eigenvalue equation
(4.13) satisfies

(4.15) 7' (Ro) >0,
(4.16) Rl;lilo’}/(RO) =0, R})lglooW(Ro) =00 .

In §8 we shall encounter linear systems of two equations with coefficient matrices
A, where

(4.17)
1 ~
= U5 K _ Op. 02
detA,, = uoRgy + T (Ro) /0 I (RoT)gm (T)dT —m <M2R0 "2 (m 1))
with
12 B o
(418) dm (T) = [m Il (R()T) 2R0’7’I0 (R()T)} IO (Ro) .

Using the relation 6/ = 211 (Ry)/(Rolo(Ro)) (see (3.3), (3.4)) we can write

B o Ro ~ (m-2)
et A = IO(RO)Im(Ro){ R, 1o (fo)
1 [ yom(m? — 1)
+R—(2)/0 [m* 11 (1) =271o(7)] I (7)dT + TRSIQ(RO)I,”(RO)}.

Substituting 7o from (4.13) and using Lemma 2.5 and Corollary 2.6, we get

Lemma 4.3. If det A,, is defined by (4.17), (4.18), then

det Ay =0, and detA,, #0 forall m#/L.
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5. FORMAL EXPANSION

In this section we derive the formal expansion (1.7) of the bifurcation branch
near y = 7y in the following form:

(5.1) o=o0(r0,¢) Zan (r,0)e"™ = oo(r) + Z (Zdnk(g)(T—Ro)k)f‘?n )

n>0 n>1 k>0

(5.2) p=p(r,0,e)=> pa(r,0)e" =po(r)+ Y _ (ank(e)(r - Ro)k>5n ;

n>0 n>1 k>0
(5.3) r=Ro+ f(0,e) = Ro+ecosld+»  fu(0)e",
n>2
(5.4) y=7E) =0+ D me"
n>1

where the radius Ry and the integer ¢ are arbitrarily fixed. The functions ¢ and p
must satisfy the equations (1.2) and (1.3) subject to the boundary conditions

J(Ro —|—f(t9,z—:),t9,z—:> -5, 885 (Ro+f(9,5),9,6) —0

and
p(Ro+£(6.2).6.¢) = y(e)xe

where n. and k. denote the unit normal vector and curvature of the boundary
{r = Ro + f(6,¢)}, respectively.
Recall that the curvature x(g) of a curve r = g(6) is given by (4.9) and note that

o__ . (92 g9

on (g + (@72 "o~ g 90
along the curve r = g(#). Hence the boundary conditions (1.3)— (1.5) can be written
in the form

65 S Y ow@ (A0 + XX a0) =0

n>1 k>0 i>1 k>1 i>1

(Ro+ 1(6.))* 22 (Ro + £(6,2),6,2) — £/(6,2) T2 (Ro + 1(6,),0,€) =0

or

(1o 3 { S S () Some( S5}

i>1 n>1  k>1 i>1 k>2 i>1

i>1 n>1 k>0 i>1

(5.6) - () e [Zp;k(w(zfiei)'“] =0

and

[(Ro+ £(6,€))> + (f/(6,))°]** p(Ro + 1(6,¢),6,¢)

=(e) [(Ro + f(0,))* +2(f'(60,€))* = (Ro + £(0,¢)) f"(6,¢)]
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or

(5.7)

(R0+Zfifi)2+ (Zfi/gi)Ql Do [ank(Zfﬁi)k]

i>1 i>1 n>0 k>0 i>1

-(5)

i>0

() (S ) (D)5

i>1 i>1 i>1 i>1

Comparing the coefficients of €™ we get

(5.8) Ono + 001 fu(0) = F1(0) (001 = o cf. (3.7))
where
A\ E A Kk
Fl(e) = ;, o o [Z ZUmk (Zfﬁz) +ZUOk(Zfi51) ] )
m=1 k>0 i>1 k>2 i>1
(5.9) Pn1 + 2p02frn = F2(0) (2po2 = —0; cf. (3.9))
where
11, _ i k—1
F2(0) = _R_(%Eae 5:0|:<R0+Zfi ) Z [kamk<2fi5)

i>1 1 k>1 i>1

$ 3

-1
, N
()] - () S e ()]
k>3 i>1 i>1 m=1 k>0 i>1
and, writing pp,_1,0 = (pnq,o - WR—:) + %R—;l in (5.7),

Yn-1 3 'Yn

Ry —f1 +Pno + - fnpoo Ry R3(2Rofn Rof,))
o +7 (2Rofi = Rof) + F*8)  (poo = %= ,por = 0)
R3 0J1 — fio )1 Poo = Ro yPo1 =
where
Ly 1, N2 N2
f0 = o] (5 (o S (5 )

2

_ (Ro + ;fiei)(z:f" 1)} - [(Ro +j§_§fi5i)2 + (:‘lz_;lfilei)?g/
S S (S s ) et

m=0 k>0 i>1

Thus, (on, Pn, frn) will satisfy

(5.11) Ao, —0,=0, Ap,=—uo, in r<Ry
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and, from (5.8)—(5.10),
on(Ro,0) + afa(0) = F(0),

(5.12) Wn (Ro,0) ~ BFu(0) = F*(6).
pn(Ro,0) + ;—%(fn + ) = %’; + 7;%1 (2 — 1) cos £6 + F3(6) .

We shall inductively show that functions o, (r,8), p,(r,8) — yn/Ro and f,,(0)
together with numbers 7,,_1 can be chosen so as to satisfy (5.11)—(5.12) for each n
and this choice is unique under the orthogonality condition (1.12), (1.13) and the
condition (1.14).

Thus we assume that for m < n, fim, Pmo — Ym/Ro, Omo, and pmk, omi(k > 1)
have been determined and prove that the functions f,,, pno—"vn/Ro, 0nos Prh(h>1),
onn(h > 1) and the constant 7,,_1 are uniquely determined (subject to the orthog-
onality conditions (1.12), (1.13) and the condition (1.14)). Note that once 7y,—1
is determined, so is also p,_1,0 as the difference p,_1,0 — yn—1/Ro was already
determined inductively.

The inductive proof follows from the following general lemma.

Lemma 5.1. Let F' € C?t*, F2 ¢ C't, F3 € C® be even functions of 6 satis-

fying
27 ]
(5.13) F*(0) cosfdf =0,
0
and consider the problem
Aoc—0c=0, Ap = —uo in <R

with boundary conditions

0

ot+af=F", P _pgf=F",
or

p+ l%(f+f") :F3+12(£2—1)Cos£9.
Ry Rg

Then there exists a unique solution (o, p, f,~) whose components are even functions
of 8 and such that

2
f(0) cosmfdfd =0 for m=1,¢,
(5.14) 0

27 2
/ o(r,0) cos 0df = / p(r,0) cos8df =0 ;
0 0

moreover,
|0l21a + [Plota + [ fl2ra < CUF ora + [F?ia + |[FPla) and
3 27
(5.15) h<cy ‘/ Fi(0) cos 0 dd| .
i=1 70

Here |o]a1q and |plz24a are the C?T® norms in the disc 7 < Ry, whereas |f|a1q
is the C%*® norm with respect to 6.
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Proof. We first establish uniqueness. Since the F¥ and o, p, f are even functions of
0, it follows from (5.13) and (5.14) that

o = ZAmcosmf)-Im(r),
m#1

p = Z{Bmcosmf)wm—uAmcosmH'Im(r) ,
m#1

f = ZTmcosmf)
m#1

and
Fi = Z F! cosmb;
m#1

we do not impose as yet the orthogonality condition fo% f(0) cos £0df = 0.
The boundary conditions then yield, for m # ¢,

AmIm(Ry) + aTm = F,%L ,

(5.16) —u A1l (Ro) + Bn Ry 'm — B, = F2 |
_NAmIm(RO)"’BmR(r)n_;_%( 2_1)Tm:Fr?1 )
or
A, EL
Tn| Bn | =]| F2
Trm F3

where T, is given by

Im(RO) 0 «Q
(5.17) T = | —ul,(R)) mRy —3
—pIm (Ro) Ry g (m?® - 1)

Lemma 5.2. There holds

(5.18) detThy =0, detT;=0

and

(5.19) detT,, 20 if m#1, m#Y;
furthermore,

(5.20) |det T,| > CLRT'm3 L, (Ro) ¥V m #1,¢

where C is a positive constant independent of m.

Proof. Adding (—m/Rg) x (third row) to the second row we get (cf. (2.4))

Im(RQ) «
—Ry™ det T,,, = )
—plmt1(Ro) -0+ ;—% m(m? — 1)
Y0 2 Lint1(Ro)
- I, g+ _1 fmi10)
(Ro){ = 3+ g mlm® = 1) + o 250
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By (3.7), (3.9) the function in braces is equal to

no Io(Ro) . Li(Ro) Imt1 (Ro)
Io(Ro){m(mQ_l) poky ) - bR}

and by (4.13) it is equal to zero if m = £; it is clearly also equal to zero if m = 1.
Note also that the expression in braces is # 0 if m = 0 since 17 /I # I5 (by Lemma
2.1), and so det Tp # 0.

Recalling the definition of f(m) in (2.12) we can write, for m # 0,1,

~o Io(Ro)
o Ry

det T,,| = R{? R m?—1 m) —
det | = RY' (o) s m(om? = D] (m)
Using Lemma 2.3 we conclude that (5.19) holds. Furthermore, since I,,11(r) <

5 Im(r), f(m) — 0if m — oo and, consequently, (5.20) is valid. O

Returning to the proof of Lemma 5.1 we note that from the last two equations
n (5.16) it follows that

[— ul (Ro)Ro + ulm(Ro)m} A + [ (m? — 1) 5R0} T = F2 Ry — mF3

R2

and, by (2.4), the coefficient of A,, is equal to —u Rol,4+1(Ro). Solving this equa-
tion together with the first equation in (5.16) we find that, for m > 1,

R~ ;

< _ 1 2 _ 3
Anl < T [ m(m? - 1) R2 — BRo| L, — a(F2 Ro — mF3,)

F2| IR
< i)+ Ll Pal)
< il
Ima| | |Fol | |Fal

< 1 |m+1 m ml|

| S OB e S ]

Finally, the third equation in (5.16) gives
C

|Bm| < Ry [1Am| I +m2|7'm| + |}r:1))1|]
1, |F2 |
Jat plyimtl | Bml g3 } )
< o fimn i e el

Using the relation [16], p. 225]

(5.21) In(z)=i™ ﬁ(%)m <1+0(%)> m— oo,

if we write

o= Z A,, cosm0 In(r)

m#1 Im(RO) 7
B ~ T\™ ~ I, (7)
(5.22) p= mz#:l [Bm cosmb (R_o) — i Ay, cosmb Im(RO):| ,
f= Z Tm cos o,

m#1
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then, for m # ¢,

i [Fal | |F
Anl < il + T8+ T8

. F? .
(5:23) Bl < CFA + 2 2
721, 1Bl
m3 m2 1

In case m = £ we have det Ty = 0 and the solvability condition becomes

F} (62 =1) &5 = BRo| = o FERo — 0F} — (2 = )Ry ™) .
0

Fl
|%m|§c[| ml
m

This defines v uniquely, and also establishes the last estimate in (5.15). However,
the system for (Ag, By, 7¢) has infinitely many solutions, obtained by taking a special
solution and adding a multiple of cos /6. By imposing the orthogonality condition

2m
f(8) costhdd =0

0
we get uniqueness. The orthogonality condition means that 7, = 0, and then
F} .
Ay=—5~, Bi=(F}+uF})/R;,
I,(Ro) (Fy +nFy)/ Ry
or
(5.24) Ay=F!, Bi=F)+uF}, #=0.

The above proof actually establishes also existence in the L? framework. Indeed,
with Ay, Bm, Tm defined as above, the estimates (5.23) show that (o, p, f) form a
solution in a weak sense, and

(5.25) /0277 [lo(Ro, O + p(Ro, 0)1?]db < c/o% SO dg

We shall now establish the (2 + a)-estimates asserted in (5.15).
By Schauder’s estimate

(526)  [olzva+ Iplara < C(IF'[zva + [Flia + |flara + ol ) -

On the other hand, from the third boundary condition for the system satisfied
by (o,p, f,7) we deduce that

0
(5.27) f(6) = / sin(f — s) h(s)ds + acosf + bsiné
0

where

. 5y R?
(5.28) h(s) = [F‘3(s) + L (2 = 1) cosls — p(Ro, s) } 2o,

R3 7o

Since

the requirement that
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a 1 27 sin s
=—— sh(s) ds .
b 2 Jy cos §

Using this in (5.27) we can estimate f:

gives

[flza < Clbla < C[IF*|a + 1]+ Ip(Ro, ] -
Recalling the estimate (5.15) on v and using also the inequality
(5.29) Ip(Ro,)la < €lpla+a + Clp(Ro, )2 Ve>0,
and (5.25), we conclude that

Flota < O|IFla+F'o+ |F2lo + elplosal -

If we substitute this into (5.26) and again use (5.25), we obtain the assertion (5.15).
O

Remark 5.1. From the second inequality in (5.15) it follows that yax+1 = 0 for all
integers k& > 0. Indeed, since n = 2k + 2 = 2(k + 1) is even, the right-hand sides
F¥(9) in (5.12) for this value of n do not contain terms with wavenumber £.

6. TWO APPROACHES FOR PROVING CONVERGENCE

In §5 we determined an asymptotic series for the solution of (1.1)—(1.5), whose
successive terms are defined as the solutions to the problems (5.11)—(5.12). As
we said, a natural approach to a proof of convergence of the series suggests itself,
namely the recursive estimation of the terms with the help of Lemma 5.1. This, of
course, requires the estimation of the homogeneous terms F* at every step of the
recursion and, from §5, we know that these functions can be expressed as sums

(6.1) > Fi

where each Fg is a product of the unknowns corresponding to previous stages of
the recursive procedure and can therefore be estimated. Thus, at the n-th stage,
the solution (¢, pp, fn) can be written as

(62) (Un;pnafn) :Z(U%ﬂpgﬁfr({)
q

where (of,pZ, fd) solves (5.11)-(5.12) with F’ replaced by F;. Lemma 5.1 then
would give, for instance,

(63)  loulzra <D 108ia < O (1Fflera + 1Ffliea + |Ffla)
q q

and similar estimates for |p,|a+o and |fn|o+q. Unfortunately, the recursive bounds
on (oy, Pn, fn) that result from this approach do not imply the convergence of the
series. Indeed, the need to expand F' as in (6.1) to derive a bound for use in (6.3)
precludes this procedure from exploiting substantial cancellations that are present
n (6.1). We illustrate this surprising phenomenon with a simple example.
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Consider the elliptic problem (a “scattering problem” at zero frequency) for a
function u = u(x, y):
(6.4) Au=0 iny>ef(x),
(6.5) u=H(x) ony=cf(zr)
where f(z), H(x) are analytic functions, say
F
H(z) = Z hse*® |
s=—F
(6.6) f(z) =2cosz = e 47 ;

we seek a solution which is 27-periodic in z. By extending the problem to complex
values of ¢ it was shown in [4] that there exists an analytic solution u(z,y,e) for
y > 0, |e] small, which remains bounded as y — oo (see also [3]). We can then write

o0
u= Z ™ un(x,y)
n=0

where the series is convergent for small |¢|. Let us now proceed to determine the
coefficients u,,, and to estimate them, by the method of §5. Expanding the relation

u(m,ef(x),a) = H(x)

about € = 0, by Taylor’s series, we obtain

n—1 fnfk
n—=k _
(6.7) un(z,0) + £ (n— k)!ay ug(z,0)=0, n>1,
Uo(xa 0) = H(x)
Writing
k k
T .

(68) f(k') — Z ckmezrz ,

r=—k

F+4+m ‘
(6'9) 'U'm(x7y) = Z dm,relmailr‘y s
r=—F—-m
we find that
F .
uo(z,y) = Y heer 7l

s=—F

and
F+n ) n—1 n—k ‘ F+k ‘
Yo et (N ennse™) D dua(la)" e
r=—F—-n k=0 s=—(n—k) qg=—(F+k)

so that

n—1 F4+n—1

(6.10) o+ Y Cokrqlig(=lg)"F=0,n>1.
k=0 g=—(F+4n—1)
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This equation is analogous to a modal form of (5.11)—(5.12). Let us take, in par-
ticular, r = F + n and set D,, = dp, p4n. Note that if ¢;,— pyn—qdi,q # 0, then
F+4+n—q<n-—ksothat F'+k < q. Since also ¢ < k+ F, we have ¢ = k + F and

1
Cm«fﬁquQ%mme(n_ky by (6.6),(6.8).

Thus (6.10) gives

iy

n—

Dk

(6.11) —(k+ F))"~
k:O
whereas Dy = hp.

Multiplying (6.11) by 2" and summing over n, we get

—k
> atDy Y s (ke ) = he
k>0 n>k

or
kaDke—(k-i-F)x _ hF )
k>0

Hence

E 2 De " = hpel™

k>0
Setting D(2) = 3,5 Dx2" it follows that
(6.12) D(ze™®) = hpef™

Now introduce (by the implicit function theorem) the analytic function A(§) for
|¢] small by

Mze ™) =z .
Then we can rewrite (6.12) in the form
D(y) = hpef W) | |y| small,

and since the right-hand side is analytic, we deduce that

(6.13)

where Cy, H are positive constants. This estimate is of course also a consequence
of the analyticity result in 4] obtained by working with complex e.

On the other hand, the analog of (6.3) in this case corresponds to the majorizing
recursion

IV1\

(6.14)

ke B
k=0

obtained from (6.11) by taking absolute values and using the triangle inequality.
We shall prove

(6.15) limsup,, | Ax]7* =00 ;
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this will show that the estimate (6.13) (implied by analyticity) cannot be obtained
in this manner. We take for simplicity F' = 1. Then, for any M > 1 ,
(n(M-1)+1)" < M™

Ann > Apr-1) -] > c—nAn(M—l)

where c is a positive constant independent of M, n. By repeated application we get

M

Then also

(M!)Mn71

(M!)M'IL—I_,’_.“_,’_M

AMn 2 CMH+”'+M2

Appnr > - > A,

and this is true for any M,n. For any ¢; > ¢ we can then choose M large enough
so that

Appe > (MM

—— A -
T (e Y

Consequently,

Ni/M n
%(AM)VM 2% if n— oo,
Cc1 C2

(AM”)I/M" >

for any constant ¢, ca > ecy. Since M is arbitrary, (6.15) follows.

The above example indicates that a proof of analyticity based on the recursive
relations (6.7) must be extremely delicate, for one must take into account subtle
cancellations that should occur in (6.10). The same phenomenon is expected of
course of the much more complicated free boundary problem (1.1)—(1.5). We shall
therefore use another approach. Let us describe it using again the simple example

(6.4), (6.5).
We make a change of variables
(6.16) z=y—ef(x)
which flattens the boundary, and introduce the function
(6.17) v(z, z,€) = u(z,y,€).

Then v satisfies the elliptic equation

0% 9% , 0% 9, ong 0%V ., OV .
(618) EEU:@—F@—QEJC@—F(?(JC)@—Q]C &—0 m Z>0,
(6.19) v(x,0,e) = H(x) .

We can now determine a formal series
oo
(6.20) v(x, z,€) = anvn(m, z)
n=0

by applying D”|.—o to (6.18) successively. The function v, = %D?’UE:O solves a
system

(6.21) Lov, =F, in z>0,

(6.22) v,=0 if n>1, wy=H(z) on z2=0
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where F,, depends on the v,, with m < n. Using elliptic estimates we may then try
to prove by induction on n that

(6.23) ||D¥D™|.—o|| < CoA*C™(n +k)! VE >0,

where Cy, A,C are some positive constants and the norm || || is appropriately
defined. Once (6.23) has been established for all n, we can then use the differential
equation for v to estimate also all the z-derivatives:

IDIDED v|e—ol| < CoB? AC™(n + k + j)L,

and this will establish the convergence in (6.20) and the analyticity of v(x, z,¢) in
(x,2,¢€) for —oo <z < 00,2z >0 and |e| small.

This approach was used in [9] to prove analyticity up to the boundary for elliptic
equations with boundary which is independent of €. As we shall see in the following
sections, this approach can be applied to the free boundary problem to establish
analyticity of the solution o, p, f in the new variables; once this has been done, we
can go back to the original variables and deduce the analyticity of o,p, f in the
original variables. The “subtle cancellations” alluded to above in connection with
the first approach to proving analyticity has thus been accomplished by the change
to the new variables. Although we shall not be needing Lemma 5.1 in this second
approach, some of the arguments used in the proof of the lemma will be useful.

7. CHANGE OF VARIABLES

The new approach, to be used throughout the rest of the paper, is based on
transforming the free boundary problem (1.1)—(1.5) to a problem in the disc {r < 1}
by means of the change of variable

/

T
(7.1) r:7R0+f(975) ;
of course f(0,¢) is unknown. We define new functions o (r,0,¢),p(r, 6,¢) by
(7.2) o(r,0,e) =o(r',0,e), p(r,0,e)=p(r',0¢).
Then 7, p satisfy the following system:
(7.3) L(D) — (Ro+ )’ =0 if r<1,
(7.4) LD)p+ (Ro+ f?uc—5)=0 if r<1,
(7.5) o= on r=1,
. 9 A~ "
(7.6) (Ro—l—f)%-l—%%— 9%20 on r=1,

(7.7 (Ro+ £)>+ 2P =9[R+ f)> +2(fo)> — (Ro+ f)foe] on =1,

where

92 10 1 62 2fs 1 02
L) =5+ L ar T2 o@  (Ro+ )7 060r
10 2. 10 2 9?
(7.8) ___Jeo —1—2& +L

(Ro+f)ror " “(Ro+f)2ror ' (Ro+ f)20r?

Our approach to establishing branches of analytic solutions is to apply D (n =
1,2,---) to the system (7.3)—(7.7) at € = 0 in order to get recursive relations for
D25, Dp, D2 f,vn—1 (at € = 0) and then use a lemma analogous to Lemma 5.1 to
estimate these derivatives. The right-hand sides that we shall obtain (and which
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are assumed known by the inductive assumption) are much simpler than the right-

hand sides that we had to deal with in §5; this is a critical fact, which will enable

us to derive estimates on the derivatives that imply convergence and analyticity.
Taking € = 0 in the above system we get

~ 7]0(R07“)
c=5(r)=0——=,

o(r) To(Ro)
ﬁz%@ﬁ*ﬂ%W+A+%ﬁ&%%upﬁ%

where g is the value of v at ¢ = 0. If we linearize (7.2)—(7.7) about (Sy, Py) by
taking

c=Sy+¢eS1, p=PFPy+ehP,

where 7 = 14 £cos{f is the free boundary, we find that (S7, P1) is a nontrivial
solution if and only if g is given by (4.13). Indeed, if

S1= d% _O[UO(T(RO +ecoslh)) + ear(r(Ro + e costh),d)] ,
d
P = £‘ _O[Po(r(Ro + ecosll)) + ep1(r(Ro + € cos £9), 6]

and v is as in (4.13), then (S1, P1) is a solution of the linearized problem. Con-
versely, if (S1,P1) is a solution of the linearized problem corresponding to f; =
cos £ and some v = 7/, then

d r r
o= de le=o [SO(RO +Ecos£9) +€SI(R0 —1—500569’9)} ’
d r r
= — P(——m— P(—.0
=" 5:0[ O(Ro+€cos€9)+6 1(RO—I—ECOSKQ’ )}

form a solution of the linearized problem constructed in §4 and, consequently, by
uniqueness, 7' must coincide with vy as defined in (4.13).
We intend to prove that

(7.9) (r,0,€) = So(r) + > _ £"Sn(r,0) ,

(7.10) Pr,0,6) = Py(r) + > _e"Pu(r,0)
n=1

(7.11) FO.6) = " ful0)

(7.12)  y=v+ yoE2 4 e 4 - (recall that yox+1 = 0; see Remark 5.1 )

where the series converge for r < 1+ g, |e| < &¢ and define analytic functions in
(z,y,¢) in the set {r < 1+ §p and || < &g}, for some ¢ > 0,00 > 0.
To do this we shall first derive recursive formulas for

(713) Sm = D?3|s=0, Pm = D?fﬂs:O; Am = D;n.ﬂs =0 :
we assume that
(714) Sm,Pm _’Ym/ROJ\m and Ym—1

have already been determined for all m < n, and we shall proceed to determine
these for m = n.
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To this end we differentiate the system (7.3)—(7.7) n times with respect to ¢ and
set ¢ = 0. Using the relations

0S5, 0P,
8—90:8—90:07 f9:0 at 6207 Po(l):rYO/RO
we find that
An,00 1085y
A 10P
(7.16) AP, — ]’jz’j" ;8—: + 2Ropu(So — &) A +uR2S, = F2 1 <1,
(7.17) Sp,=0 on r=1,
OP,
(7.18) 8—::FS on r=1,
(7.19) P, + lg(An + Anoo) = 7"_21 (0% — 1) cos bl + In | F! on r=1
R R Ry

where the FJ depend only on the functions (7.14) for m < n.

Note that the term (v,_1/Ro)(¢? — 1) cos{f appears on the right-hand side of
(7.19) in precisely the same way that it appeared in the third equation of (5.12);
F* includes the term P,_1 — v,_1/Ro.

In the next section we prove an analog of Lemma 5.1 for the system (7.15)—
(7.19), but with Sobolev norms instead of Hélder norms. This lemma will enable
us, in §10, to prove convergence and joint analyticity (in (z,y) and €) of the series
(7.9)-(7.12).

8. A FUNDAMENTAL LEMMA

Set B = {r < 1},0B = {r = 1}. We shall need the following calculus type
lemma:

Lemma 8.1. Let u be any function in H?(B) which is even in 0 and satisfies

27
(8.1) / ucosfdf =0 ,
0
(8'2) U|BB =0.
Then

L lullzs < ullzeem + 112 2000 + 115 22
1. . 10u 1 0u
cllullzzs) < llullezm) + 1= 2 ez + 115 5512

1 0%y 1 9%u 9%u
, — 2 - il <
(8.3) +||r2 902 llL2(By + ||T 8T89||L2(B) + 92 llz2(B) < Cllullm2(B)

where C' is a universal constant.

Proof. Setting f = Au we can write

u= Z un(r) cosnd |

where
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It follows that

T d P
(8.4) Un(r) = 1™ /1 p%pH /0 7L E () dr

Consider first the case n > 2. Changing the order of integration we get

1

1
up(r) = —r”/o T"+1fn(7')d7'/ p~ 2 dp

max(T,r)

T —2n 1 —
— _Tn/o Tn+1fn(7_)(1_r ? )dT—’I"n/T Tn—i—lfn(T)(l_T

(—2n)
I 1 T q

— - n+1 d _
5 | T = [

1
= —(I,—L-1Iy).
2’11(1 2 3)

(—2n
1 n
7n n+1 _ l —n
fun(T)dT [ 2717—

We have

([ Gya)™ = ([ ([ e i) L)

1615

jn) dr

Jrlfn(T)dT

_ (/01 (/01 u”“fn(ru)du)Qrdr)l/Q (r = ru)

IN

/01 u”+1(/01 r(fn(ru))er>1/2du

by the generalized Minkowski inequality. Substituting » = 7/« in the inner integral,

we get
(8.5)

(f G s [Lor( [ i)™

Similarly,

([ )y

(/01 / Pt (r )d7)2rirdr)1/2
= ([ ([ wn

d—u) rdr)l/Q (r

< /01 u” / (r))27“d7“> 1/2du

< L8 u? fu(r)?rdr Y (r =
0 )

< (/01 u”” 2du / fulT TdT) i

nil /0 fn(T)QTdT) v .

Since I; < Iy + I3, we conclude that

(8.6) [ /0 1 %(un(r)yrdr} R ﬁ [ /O 1 Julr ] s

(/01 fz(T)TdT> 1/2.

r

:u)

TU)
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Consider next the case n = 0. We then have

T 1
uo(T) :/o Tfo(T)dT'IOgT+/ 7 fo(7) log TdT

so that
8u0 1 T
(87) W = ;/ Tf()(T)dT
We can now proceed to estimate the L? norm of 1 8“ . Note first that
10u,  up —n—2 nt1 un | Ix(r)
(8.8) T e tr /o T fn(T)dT—nr_z‘f' i

Hence, by (8.6) and (8.5),

(G onar) ™ < S [ pean) ™.
0 0

It easily follows that
122 oy + 112 2
© r 90
From (8.6) we also deduce that

1 Ou
= 2 89||L B) + || 2 892||L B) < Cl|fllL2(r) -

228y < ClIfll2(B

Finally,

8%u 2 0u 1 9%u
||8 5 |z2By = |[Au — el 802||L2(B) Cliflle2sy - O

Remark 8.1. The condition (8.1) cannot be dropped. Indeed, the function v =
(r — 1) cos 6 satisfies (8.2) but not (8.1), and Lu, is not in L*(B).

We now state a fundamental lemma, an analog to Lemma 5.1, for the system
(7.15)—(7.19).

Lemma 8.2. Consider the problem

1 1
(8.9) AS — N Moo —% —2RoSo A —R2S =F' in B,

1 1P,
(8.10) AP — T Moo —% +2Rou(So — &) A +uR2S = F2 in B,

0
8.11 =0 on ,

S OB
(8.12) %—f =F® on OB,
(8.13) P+ R2 9 (A+ Aog) = %(42 —1)cosld + F* on OB
0

where £ > 2, F' € L?(B),F? € L*(B), F? € H'/?(0B), F* € H3*(0B), FJ is even
mn 0, and

27
(8.14) / Ficosfdd =0 (1<j<4).
0

Set
(8.15) IFI = IF Y2y + 1P |22 () + 1F? 112 0m) + 1F||2(0B) -
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Then there ezists a unique solution (S, P, \,v) of (8.9)~(8.13) with S, P in H*(B), A
in H2(OB) such that S, P, A\ are even in 0 and

27 S
(8.16) /0 <P) cos 0df =0 ,
27
(8.17) / A(@)cos mOdo =0 for m=1,¢;
0
furthermore,
(8.18) S|[er2(m) < CIIF|
(8.19) [Pler2(m) < CIIF|
(8:20) [ A lm208) < ClIF,

Iv] < C{[/l} deeFl cosﬁerrdr v / ‘ 27TdHFQCOSEQ‘ rdr} v
o 'Jo

27
(8.21) +‘/ d0F3(9)cos£t9‘+‘/ doF" (9) cos 16 }
0 0
108 108 1 928
(8.22) ||__||L B + | 239||L B + | 2892||L (B)
' 1 0%8
”ré) 89||L (B) +|| ||L2(B <Cl|F,
10P 1 0P 1 0%P
||— ||L B = ) 89||L B+l 2 892 lz2(B)
(8.23) Coip
4
FIEZE oy + 155 e < U+ 1P sraom)
and
(8.24) I AMlererzomy < CUIEN + [1F ] g2/2(08));

the constant C in the above estimates is independent of the F*.
Proof. The assumptions of the lemma imply that

(8.25) Fi = Z FJ cosmf
m#1

and that any solution of (8.9)—(8.13) can be written in the form

S = ZTm(r)cost,

m#1

P = Z Qm(r)cosmb |
m#1

AN = Z I’y cosmb
m#1

we do not as yet impose the orthogonality condition f02 " A(0) cos £0df = 0.
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We then obtain the system of differential equations
0? 10 m?

2
(5.26) ot rgrm T gz im T felm
: m? _ Rol1(Ror) Io(Ror) 1
— 00— —2Ry0 I',=F_  in B
+ (TROU Io(Ro) 07 Io(Ro)) m m
(8.27)
0? 10 m? 9
aowm “a 9m T T o ¥Ym Tm
8r2Q +T8TQ TQQ + ko
e m* Bl (Ror) | m?* o Rgr
’I“R() IO(RQ) ’I“R() 2
_ ROT) ~
2 Rop 2! — 2Rou6 \0yy = F2 B
oo ) o), <
with the boundary conditions
(8.28) Tn=0 on 0B,
(8.29) ag—rm =F? on 0B,
1)
(8.30) Qum — %(mQ 1), = R_w — 1)0me+ FX on 9B.
0 0
The function
w = pTm + Qm

satisfies

Pw 10w m?
2T w=M,T,, Fl + F?
oz T rar 2" + (1 + F)
where M, = —%u&(mQ — 4)Ry. The general solution of this equation which is
regular in B is

G "ods s
uERoer‘m—i—Kmrm—i—rm/l 52m+1/0 " (uFL + F2)dr

where K., is an arbitrary constant. Hence

o
Qm(r) = —pTn(r) + ugROTQFm + K,,r™

o [ [ i) + E
1 0

Next we calculate T, (r). Setting

(8.31)

o
(8.32) gm(r) = [m* I (Ror) — QROTIO(ROT)]M
and trying a solution of the form
T (r) = L (Ror)v(r) ,
we get
L
Iy, (Ror)

(U (Bor))) = =920,
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Hence
T dS S
Tm = _Im T 5 o Im m : Fm
)= ~In(Ror) | sy [ Tu(Ror)g (e
i ds S
I, % | s, Fl ;
+ (Ror)/1 sIm(Ros)2/0 7L (Ro7)F,, (T)dT

notice that T;,,(1) = 0. Thus it remains to choose the constants K,,, ', in such a
way that the boundary conditions (8.29) and (8.30) are satisfied. Using (8.31) and
(8.33), these conditions become

(8.34) A (f{’; ) — (%)

(8.33)

where
- " 1
A, = NU~Ro+mfo I (RoT)gm(T)dT M
s Ro — g—%(mQ -1) 1
and
_ " 1 1
F} = /TImRTF,}LTdT—/Tm“ Fo, (1) + F2(7) )dr + F},
Ty, TR EL (= | (uE () + F )
F2 = L (2= )6y + F2 .
Rp

From Lemma 4.3 we see that detA,, # 0 if m # ¢ and therefore the system
(8.34) has a unique solution if m # ¢ (note that F2 = F if m # ¢). On the other
hand, if m = ¢, then detA; = 0,d,,¢ = 1 and a solution exists if and only if the
first row of the augmented matrix is a multiple of the~secon~d row; the multiple is
necessarily £. We thus get the consistency condition (F}? = F} or,

002 -1)
R
This determines 7 uniquely, and also proves the estimate (8.21).
There is an infinite number of solutions (7, Q¢,T'¢), obtained from one solution

by adding a multiple of cos /0 to A. We determine a unique solution by requiring
that T'y = 0, i.e.,

v=F} —(F}.

2m
/ A(0) cos £0dh = 0 .
0

We proceed to derive the estimates (8.18)—(8.20). By elliptic estimates (using
(8.9) and (8.11))

(8.35) 151120y < C(I1F 1203 + 1| Allrzom)) -
Similarly, from (8.10) and (8.12),
[[P|lg2(B) < C(||F2||L2(B) + 1F? |12 0m) + 11112 (B)
(8.36)
+ A lliom) + 1Pllzzcs) -

From (8.13) and the trace theorem [2] we also have

(8.37) 1A l2om) < C(I1Pllny + 1Pl z2om + 1) -
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We claim that there is a constant C independent of the F* such that
(8.38) 1P|l (5) < Col [F]] -

Indeed, otherwise there is a sequence (Fjl,sz,F]?’,F;l) = Fj; and corresponding
solutions (Sj, Pj, Aj,7;) such that

L= [|P;||av(B) = JlIF;]| -

From (8.21), (8.35)—(8.37) we deduce that for a subsequence, S; — S, P — P
weakly in H2(B), A\; — A weakly in H?(B) and v; — ¥, whereas ij - 0(1<k<
4) in the norm of (8.15). It follows that (S, P, A, 7) is a solution of the homogeneous
system (8.9)—(8.13) and, by uniqueness, S=0,P=0. But

I[P By = im || Pj|[ () =1,

a contradiction.

Having proved (8.38), we use it in (8.37) to conclude the proof of (8.20). Next,
substituting (8.20) into (8.35), (8.36), the inequalities (8.18), (8.19) follow.

Observe that the estimate (8.22) follows from (8.18) and Lemma 8.1, and the
estimate (8.24) follows from (8.13) and (8.19). Thus it remains to prove (8.23).
Since P(1,0) # 0 this estimate does not follow directly from Lemma 8.1. However,
the part of P which comes from the first and last terms on the right-hand side of
(8.31) are estimated by (8.22) and Lemma 8.1. Thus it remains to estimate

), 122
ror LB 1599 1L (B)

1 0P 1 02P 9%P
(8.39) ||r_2%||L2(B)a ||r_2—892 lL2(B) ||—ar2 lL2(B)
where

pP= M%ROTQ Z T, cosmbf + Z K, r'"™ cosmb = P, + Ps.
m#1 m#1

The estimates for P; follow immediately from the inequality
(8.40) > (m™PT)? < Cl Al (om)
and (8.24).

Next from the second equation of (8.34) we get
|Kom| < Cm?[Cp| + Cyopt + C|Fy|

and therefore

1 82P2 3 2 4
=Szl leee) < O( X2 mP1Kul?) < (v + I Alirreom) + 1 o2 0m) ) -

m>1

The remaining partial derivatives of P, which occur in (8.39) (with P replaced by
P,) are estimated in the same way. O

We shall need, in addition to Lemma 8.2, its counterpart for odd functions of 6.
Lemma 8.3. Consider the system (8.9)—(8.13) with costf replaced by sinlf in
(8.13) and F7 as in Lemma 8.2 but odd functions in 0, satisfying

27
/ Figingdd =0 (1<j<4)
0
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instead of (8.14). Then there exists a unique solution (S,P,A,~y) with S, P in
H?(B), A in H?(0B) such that S, P, are odd in 0 and

2
S\ .
/0 <P)sm9d90,

27
/ A(@)sinmbdd =0 for m=1,
0

and the estimates (8.18)—(8.24) hold with cos 0, in (8.21), replaced by sin £6.

9. AN AUXILIARY LEMMA
We shall need the following known estimates [2]:
I1fllL=@8) < Cllflla=(om),
(9.1) fallairzo)y < Clflas@m) 19l H1/2(05) and
I fgllmsam) < C||f]
1

where s > 5 and C' is a constant depending only on s. We shall also need the
inequality

9.2) <Z> <§> = <Z4+- fz)

which follows by induction on a (a > b) using the relation
a\ (a-1 n a—1
b)  \b-1 b '

F(z) =Y anz", AO.e) =) A(0)"

n>1 n>1

e o)1l H:aB)

Lemma 9.1. Let

be such that |a,| < C™ and, for some s > 3,

(k+n)!
(k +n)3n!

where Cy, A, H are positive constants, and A > 1, H > 1. Set

(9.3) [1D§ Al #re o) < CoAF2H™2 Vk,n

9.4) F(X0,€)) = > Fu()e" .
n>1
Then
oo (K+n)!
(9.5) IDEE @)l 0m) < CoR A H" 2 mms

for all n, k, provided H > 2CC\S, where S is a universal constant and K depends
only on C,Cy.

The lemma is similar to one proved in [9]. In (9.3), (9.5) we use the following
convention:

AT =H7=1if j>0.
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Proof. We shall abbreviate || - ||g=am) by || - - -[|s. Consider first the case F'(z) =
™. We write

(9.6) (S Mm®:)" =3 eroe

n>1 n>m
and proceed to prove by induction on m that

(k+n)!

k m m—1,m Ak—2 rgn—1—m
(9.7) 1DG el < 8™ CEr AR H & +n)nl

From (9.3) this holds for m = 1. To go from m to m + 1 we shall make use of the
relation

0 = Y S OA(0)

Using (9.1) we see that

i
L

k
k! -
IDge s < EZ:ZQZT:7STHZ)Q¢;1”SHZ)§ N—ills
j=m1=0 ’
n—1 k .
k! o i 1 1 G+
< Al 2Hj 1 mm gm 1
T A k=) 0 (j +1)35!

(n—j+k-=10)!

X C Ak—l—QHn—j—Q )
0 (n—j+k—1)3n—j)

Using (9.2) we get the bound

(k+n)!

m+1 gm Ak—2 rgn—1—(m+1)
Co SmATH (k+n)3n!

where

n—1

(k +n)?
G+D)3k4+n—j3—1)3

k
S>3y

1=0 j=1

is a universal constant. This completes the proof of (9.7).
Consider now the general case of F(z), and write

F(M0.2) = Y am(A(,¢))"

m>1
= Z O, Z or(@)e™ = Z ( Z amw,’?(e))s" ,
m>1  n>m n>1 m=1

so that, by (9.4),

Fa(0) = 3 amgl(6) -
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Using (9.7) we get

- (k +n)!
DkF . < Ak—QHn—l—m m gm—1 .
|| Dg Fnll: —mE 1|04m| Co'S (k + n)3n!
k+n am|C _
< s e & PR g
(k+n)! o n2
———— A""H" “CyK
~ (k+n)3n! 0
provided H > 2CCyS, where K depends only on Cy, C. |

10. CONVERGENCE

In §§7 and 8 we determined a formal solution (7.9)—(7.12) to the system (7.3)—
(7.7), showing that the system (7.15)—(7.19) has a unique solution (even in 0)
subject to the orthogonality conditions

27
(10.1) fi(0) costfdf =0 (5 >2) .
0

The modes that appear in (7.15)—(7.19) are cosmflf where m is a nonnegative
integer. Using Lemmas 8.2 and 8.3 we shall prove the following theorem.

Theorem 10.1. The series (7.9)~(7.12) are uniformly convergent for e’ <r <1+
o, le| < eo where &y and e are positive numbers and €' is arbitrarily small positive
number; furthermore, the functions o(r,0,¢),p(r,0,¢) are analytic in (r,0,¢€) for
0 <r <146, le| <eo and the function f(0,¢) is analytic in (0,¢) for 0 < 0 <
27, |e| < eo.

The proof is given in this and the next section.
To prove the theorem we introduce the norm

1 Ou
2y = |[ullpe B)+||——||L ) + || 289”L2 (B)

1 9%u 1 6%u 9%y
+ || 2392||L (B) +|| ror 39||L (B) +||8 2||L2(B

and derive the following estimates:

; i(p _ Om < iz gm-2_G+m)t
(10.2) ||agsm||Hg(B>+||89(Pm RO)IIH,%(B)—COA H (G +m)dm!’
] oo (4 m)!
(10.3) 103 fnllmr7r20m) < CoA™2H™ G+ m)Pml
Hm72
(10.4) [Ym-1] < Co

for allm > 0,7 > 0,m+ 3 > 0 in (10.2), (10.3) and m > 1 in (10.4).

The proof is by induction on m. We assume that (10.2)—(10.4) hold for all m < n,
and proceed to prove these inequalities for m = n. For simplicity we take n > 3; the
proof for n = 0, 1,2 can be established from the explicit formulas for S,,, Pp,, fm in

68 .
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Lemma 10.2. If (10.2)—(10.4) hold for all m < n and j > 0 then, for all k > 0,

i o rmes (k4 n)! ;
(10.5) 106 Fi |23y < CoM A 2H 3m (i=1,2),
9 rn_s (k+mn)
(10.6) 106 2|12 om) + 105 Fill grsr2om) < CoM A*2H™ 37(/<;+n)3n!

where M is a constant independent of A, H and k,n.

Suppose the lemma is true. Then we can apply Lemma 8.2 to conclude that
(10.2)—(10.4) hold for m = n,j = 0 with H"~2 replaced by CM H"3. The same
estimates hold for j = 1, using Lemma 8.3. For general j we use either Lemma 8.2
(if j is even) or Lemma 8.3 (if j is odd). Note that the term

Yn—1
R3
in (7.19) is replaced, for j even, by

(0% — 1) cos £

InL (g2 — 1)63 (=1)7/2 cos 9
Rg
but this does not affect the estimates; the same is true if j is odd (with cos 6
replaced by (—1)*% sin£6). Thus, choosing H > MC, we conclude that in order to
prove (10.2)—(10.4) it suffices to prove Lemma 10.2.

Proof of Lemma 10.2. We introduce auxiliary functions which will appear in the
expressions for the F} . First,

1 e
(10.7) —~ =—— ) = Ga(0)e"
Ro+f Ry = R{ =
1 fr
(10.8) log(Ro + f) =log Ry + Z(—l)" I = Z L, (0)e™ .
n>1 il n>0
By Lemma 9.1 and the inductive assumption (10.3),
k k (k+m)! o meo
(10.9)  |[DgGmllgr/20m) + 1Dg Lin || a2 (08) < Kcom H :
We have
f9 ’

10.10 =N" L (0)e"

a0.10) =S

(10.11) ( Jo )2 =3 (nZIL’ kL;)e” =Y " D.(9)"

Ro+f S n>2
and by (9.7) (with m = 2)
k (k+m) o ms

Next

(10.13) Joo (log(Ro + f))" + ( Jo )2 =Y (Ll +Dyp)e" .

Ro+ f Ro+ f "

n>1
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Writing

2= Quo)"

n>2
we have (again by (9.7) with m = 2)

(k+m)! |Ak72Hm73 .

(10.14) 1D§Qull1r7/2(0) < Koy

The estimate (10.9) holds for all m < n and k£ > 0, while the estimates (10.12),

(10.14) are valid for m < n and k > 0.
We now write the F! explicitly from (7.3)—(7.7):

=S (o 105 (2050, 05

n P =k 900r r Or or?
/" 1085
10.1 L D, _ — 26 - n— 2 "— — Soé .
(10.15) +( i+ F TR k,O)T 5 + Qn—#Sk + 2Ro frn—i(Sk — So k,O)}
Similarly,

FQZS{ZL, 10%F: (28Pk+82Pk>

n pe =k 900r " F\ror T or2
10.16 /" 10P -
( ) + (L'fb_k + Dy — R—T;(Sk,o) ;8—rk — Qn—k(Sk — dk,0)

—2Ro fn—k(Sk — So5k,0)} :

Finally, F3> and F can be written in the form

n—1
0Py
3 _

(10.17) Fi=>" Vak g

k=1

n—2
(10.18) Fy = Z'}%Unfk

k=1
where

(k+m)! 9 prm—

(1019) ||D§Vm||H5/2(aB)+||D§Um||H3/2(aB) SKCOmAk 2H 2 .

Indeed, this follows by applying Lemma 9.1 to estimate

fo(Ro+ f)
e=0 (f§ + (Ro + f)?)
(Ro+ f)?+2f3 — (Ro+ f)foo

(Bo+ 12+ 53)"

and

81{2

ak

€

e=0

in H/2(0B) and H?/?(0B) norms, respectively (recall that we have H*T3/2(0B)
estimate on f).
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Using (10.4) (with m < n) and (10.19), we easily obtain

(k+n)!
(10.20) 106 Foill rs/2am) < McoﬁAk 2 ppn-3
Next
n—1 8P
l
105 F2 | 111/2(0m) < lzlnaa( w155 )l 2(om)
n—1 k
OP,
< Z Z |81€ Vo1 0y 90 ||H1/z (8B)
1=1 m=0
n—1 k Kl "
° k—m m
SO Y o olIOh " Vol o 195" (P = ) s

where we used (9.1) and the trace theorem. Using (10.19) and the inductive as-
sumption we find that the right-hand side is bounded by

n—1 k
k! (n_l+k_m)' k—m—2 _]—2
K AFTmTEHT
C;;m!(k—m)z Co(n—l+/<:—m)3(n—l)!
((+m)! 2 77l—2
———A"°H
XCO( I+ )3l'
Thus
—orm_g (K+n)!
105 E2lL o < KOG 421 (L
where
J_Z Eln! (I+m)! (n—14+k—m)! (k +n)3
S (kAn) mllt (k—m)l(n =D (L +m)3(k+n—(m+1)3

Using (9.2) we conclude that J is bounded by a constant.
We next need to estimate F2. We can write

S 19%°P 20P, 0°P
Fio= ;{%M;m DS+ 57 )
+ (LN 1+ Dn— z)li)Pl Qn-151 — 2Rofn—151}
2
- n(g% + 8650) + (B + Dn)%% — Qu(So — &)

where F,, = L,, — }f% involves only the f,,, with m < n. Using (9.1) and the trace
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theorem we get

1 9?2

TIPS ph pe. i 10 e l||Hz+s/2(aB>||r 55505 Pill=(s)
=1 m=0
_ 10
+110} mDn_lHHum(n— P Pilliscon + -5 07 Pl o))
0
+ (105 Ll s+ 01 + 195~ Do z||Hl+w)|| 05" Pl |12

+105 ™™ Qu—tll g2+2/3 03 105" Sill L2y + ||ak_mfn*l||H2+2/3(aB)||80 51||L2(B)}
1 8P0 8 P() || 2 )
L2(B

10P,

+C10 Dal 120, (11~ G a2 + 1 G

+C (1105 Bull2+5/2(0m) + 1195 Dall s o )||
+C|05Qnllgr2+3r2 a8y (150l L2y + 1) -

By the inductive assumption and (10.9), (10.12) (10.14) we find that the sum of
the above terms is bounded by

5, lr2(s

k! (n—1+Fk—m) (m +1)!
C;::l g::() ml(k — m)!KCO (n—1+k—m)3(n— z)!CO (m + 30!

o e o (k+n)!
XAk m 2Hn l 2Am 2Hl 2+CKC§

Ak 2Hn 3
(k+n)°n

k !
< crczgat—2gn-s_ KX
(k+n)3n!
Similarly, one can estimate |95 F,t||12(5) and together with the above estimates on
F3,F24 the proof of Lemma 10.2 is complete. O

11. CONVERGENCE (CONTINUED)

From the estimates of Lemma 10.2 we already conclude that f(6,¢) is analytic
n (0,¢) and o (r,0,¢),p(r,0,¢) are analytic in (0,¢) for 0 < 6 < 27, |e| < &p. In this
section we want to extend the estimates to all r-derivatives so as to conclude the
joint analyticity of &,p in r,0,e up to r = 1 (and actually to r < 1+ § for some
small positive dp).

We shall prove the following:

Lemma 11.1. For all k> 0,n>0,h >0

(11.1)
h ah ok h_gaha h 1 aah
|[7"0;. 0 SnllL2(m) + |Ir - or 95 22y + |7 280 395 llz2(B
+ [ —Qﬁa 95 Sn ||L2(B)+|| 8 BrG 5 Sn l|z2(B)
0° (k+h+n) h ko n—2
+||7' 8 9 Sn lz2(B) < CO—(k+h+n)3n!B A *H :

the same estimates hold for P,,.
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Proof. From (7.15) we have
0?

(112) o 2 062

+ (a;f A0 )Rioag; (%arso) + R2IOES, + 2(8}; fn)Roaggso .

I _pigks, agagF;—a;(%agsn) aﬂ(l o _oks )

We assume inductively that (11.1) and its analog for P,, hold for all h smaller than
j and proceed to prove it for j; for j = 0 this follows from (10.2), (10.3). We shall
consider in detail the term

1
Ji _T]ai 2892

and a typical term from 0J05 F} (cf. (10.15)), namely,

a(, S,

n—1

o 10
JQZTJaﬁag E L%_t;—898rst;

t=1

all the other terms on the right-hand side of (11.2) can be estimated in a similar
way.
We can write

— j _1\i—s 727(’75) . ]' 2 0k as
S o= TJZ( 1)/ TG = s+ DT 0069750

J .
Z A D L0,0,0+105715,,

+(=1)7(5 + 1)!533(955"
The last term is bounded in L?(B) by
(k+n)'G + 1!
(k+n)3n!
(k+j+n)! [(k+n)!(j+1)!(k:+n+j)BB_J}
(k+ji+npnl (k4+n+j) (k+mn)3

(k+j+n)! 1 . 4p—j
(k‘—i—jj—i— n)3n! [(‘7+1) B } ’

COAk—QHn—Z

< COAk—QHn—ZBj

< COAk—QHn—QBj

whereas the L?(B) norm of the sum is bounded by

(k+s+mn)!

J .
_ 1)! Ak 1B€ 1Hn 2 \MTP oY)
EZ: j s+ 1DICo (k4 s+ n)3n!

oy (EEn+g) A

< H™ 2B]Ak 2 ( s

< Co (k+n+j)n! B

J .
i (k+s+n)! (k+n+j)3 4!

« B~U S)( —s+1)=.

2 Grnt ) hrnispd 5TU

(k+s+n)ljl /(5 / kE+n+j <1
(k+n+j)ls \s k+n+s) =

By (9.2)
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so that the expression in the last sum is less than
J

. k+n+4)3 . 4 . i
Z(lﬂ-s)mfg U= <0y 1+ (j—s)'B U .
s=1 s=1

Taking B large enough we get the bound

(k+j+n)

< CoH"2Bipk2 2 TI T
[171llz2B) < Co (k+j+n)3n!

To estimate Jy we write

n—1 k J

=22 5 L 0y PO Ln—t(—1) " rip=U=2) (j — 5!

ll_
tlpOsOkpS‘7 S)

182 »
X o5 0807 St

- ! Ao e 1o
=22 D g a0 Ol )1 0501,

k! k—p L
N — Lnf J AP Vi .
" t=1 1;) pl(k —p)! % "0 ¢ or? 9y Ol S

The L?(B) norm of the last sum can be estimated by

k! (k —D +n— t)' k—p—2 ggn—t—2

Zp!(k;—p)!KCO(k—p+n—t)3(n—t)!A "
(p+Jj+t)!

Yo+ + )3

t,p
ijlAplet72

(k+n+j)! A
(k+n+j)3°n!B

(k +n+4)° (TZ)
¥ ((k+n+j)—(P+j+t))3(p+j+t)3 <k+"+j)

p+it+y
and, since (?) < (k o +‘7) (by (9.2)),

< KC2AF2[Hn—3pI

X

p+t+y
n
(k+n+j)3 ¢
. , 3 ) s (E+n+7
N 3
tp ((k+n+]) (p+1+t)) (p+7j+1) (pﬂﬂ'

k -\ 3
<§: ( +n+])3 <.

(k) - 4 0) g
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Similary, the L?(B) norm of the first sum in the expression for Js is bounded by

k! J! (k—p+n-1)! k—p—2 ppn—t—2
— 8)IKC Ak—p=2pgn
2 =g - G o
x Cp- LD o g2 gy
(p+s+t)%t!
_ _ (k+n+35)!
< KC2AF-2fn—3pi B—G—s)
< KG (k+n+j3m;%§;
(k — p+n—¢ﬂp+t+$(k+n+s)0_syc>(i>Cj]
(k+mn+s)! (k+n+35)! ‘\s)\t) \p
(k+n+j)3

(k+n—-p—t23p+s+t)?
and, by (9.2), the expression in brackets is bounded by

(k — p+n—tﬂp+t+ﬁ(k+n+8)(n+k+j>(_sy
(k+n+s)! (k+n+j)! \pt+t+s :

(k- (1) - 9) <1/("+"?+j‘“+p+8>> <1.

C(ntk+i—(p+t+s) Jj—s

Consequently, after choosing B large enough, we get the same bound as for J;.

As mentioned above, all other terms can be estimated in a similar way.

From Theorem 10.1 and Lemma 11.1 we deduce the convergence of the series
(7.9)—(7.12) and the analyticity of o(r,0,¢),p(r,0,¢) in (r,0,¢) in the region 0 <
r <1+00,0<0<2m|e| <ep for some §y > 0,e9 > 0.

From the transformation (7.1), (7.2) it follows that o(x, ¢) and p(z, €) are analytic
functions jointly in z = (z1,22) and € for n < |z| < Rg + do, |e| < €9 where 7 is
any positive number. Since o(x,¢) is bounded in a neighborhood of x = 0, the
singularity at = 0 is removable and we can represent o in terms of the fundamental
solution G(z) = 5=Ko(|z|) where Ko(z) is the modified Bessel function of the third
kind and order 0,

oG 0
swe) = [ G vew s, [ Gz,
for |z| < nmo where 19 > 1. From this representation we deduce the analyticity of
o(z,e) in (x,¢) for |z| < n,le| < eo.

Finally, since the function w = p+po+ u(m:ﬁé is harmonic, a similar argument
to the one above (now with the fundamental solution H(z) = 5= log ‘;‘) implies
the analyticity of w in a neighborhood of the origin. The correspondmg analytlclty
for p can then be derived from the representation p = w — uo — u(z? +y )

We summarize:

Theorem 11.2. For any Ry > 0, and f1(0) = costl (¢ > 2), there exists a family
of solutions, even in 0, (o,p, f,v) of (1.1)=(1.5) of the form (1.7), for all || < &9,
where € is a positive number; the series are convergent for |e| < gg and |z| < Ro+d
(for some positive &) and are analytic functions in (x,y,€) for /22 +y> < Ro +
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o, le| < eg. For each €, the solution is unique under the orthogonality conditions:

2
fi(0) cos(mB)dd =0 for m=1,4 and j>2,

27 27
/ acosf)d&z/ pcosfdd =0 V 0<r<Ry.
0 0

12. A FURTHER APPLICATION OF THE METHOD

In §6 we motivated our approach to the proof of convergence (given in §§7-11)
by the example (6.4), (6.5). We now show that this method actually works for this
example. For simplicity we assume (as in [4]) that

(12.1) f(x) and H(z) are 2m-periodic.

We seek a solution of (6.18), (6.19) which is 27-periodic in = and remains bounded
as z — 00.
Equation (6.21) can be written in more detail in the form

(12.2) Av, = —(f)20%0, o+ 2f' 0,000 1+ f"00n 1 =F, if n>0.

Equation (12.2) is analogous to the system (7.15)—(7.19).

We need to show that (12.2) with boundary condition v,(z,0) = 0 (n > 1)
has a unique 27-periodic (in ) solution, and to derive H? bounds on v,,. For this
purpose we write

fl@) = Z cqe't”

and expand formally
vn(z) = Zdnyr(z)ei”’ .

Substituting these expressions into (12.2) we get, after equating the coefficients of
eirz
Y
d;;,r - Tanr = LInr

where F,,, depends only on the d,, s for m < n. From this relation we deduce
uniqueness.

To prove existence and analyticity, we establish a result similar to Lemma 8.1,
with weighted norms

2_i/oo /271' ) N
WIE=5- [ (] kG 2)Pde)eas

Lemma 12.1. Let g(x, z) be a function 2w-periodic in x with ||g||x < oo (A > 0)
and consider the problem

(12.3) Aw=g in z2>0,
(12.4) w=0 on z=0.

Then there exists a unique solution w which is 2w-periodic in x such that

(12.5) [10:20][x + 110:0zw[[x +[|0Zw]|x < Clgl|x -
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Proof. We expand
2) =Y g(2)e"
— Zwr(z)eirz ,

so that (12.3), (12.4) reduce to
w! —r*w, = g.(2), w,.(0)=0

and

o0
/ lgr(2)[2eMdz < o0 .
0

The only solution to this problem is given by

o] |r|z z
e Irlsg ()ds+62| | / gr(s)el™*ds

o] —|r|z
12.6 () M e ds ¢, (elrF —eI2) i >
( ) +/0 gr(s)e 207 s+c (e e ) if r>1,
wp(z) = —/ sg(s)ds—/ zg(s)ds + coz
0 z

where the ¢, are constants. The assumption of finite norm (in particular,
|10, (wy(2)e™)||x < 0o) implies that ¢, = 0 if 7 > 0. Let us now prove that

(12.7) (/000 |w'r(z)|26”\zdz) i < C’(/OOO |gr(s)|26)‘sds> i

From (12.6) we get
1 o 1 *

w(z) = M / e I"lsg, (s)ds — 56_‘”2/ gr(s)el"*ds
1 [ '
5/ gr |T‘ ‘leds , > 1 ’

0
wh(z) = / gols)ds

Consider the first term in w/.(z),r > 1:

0o 00 2 1/2
(/ ‘e\rlz/ ef\rlsgr(s)ds‘ e)‘zdz>
0 z
) o 2 1/2
= </ ‘/ e "y, (u + z)du‘ e’\zdz>

0 1/2
/ =|r|u (/ gr(u+ 2)? ’\Zdz> du  (by Minkowski’s inequality)
0

[ 1/2 1 0o 1/2
—|rlu 2 /\(9 w) < __ - 2 \s
/ (/ gr(s ds) du < EESYE (/0 gr(s)’e ds) .
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Similarly, one can estimate the other terms in w).. To deal with w{, we estimate

([ |wa<z)|2e*2dz)1/2 -([7(/ °°g0<s>ds)2ewz)”2

(/000 (/OOO go(u + z)du)2e’\zdz>1/2

/000 du(/ooo go(u + z)Qe)‘Zdz) . /000 du(/uoo go(s)QeAzds) 1/267)“/2
<3([ oteperas)

Thus, we conclude that

IA

10-wl|x < Clgllx -
The other norms
10:05wl]x ,  [10Zwl]|x
can be estimated in the same way. [l

Having proved Lemma 12.1 we now follow the procedure of §§10, 11 and estab-
lish the analyticity of v(x, z,¢). Then, by a change of variables, we conclude the
existence of 27-periodic (in z) solution u(z,y,€) of (6.4), (6.5) which is analytic in
(x,y,¢€) for —oo < & < 00, =0y < y < 00, |e| < &g, where dp, o are small positive
constants.
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